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Basic Graph TermsBasic Graph Terms

GRAPH:GRAPH:
 A simple graph G consists of a non-a non-
empty finite set V of elements called vertic‐empty finite set V of elements called vertic‐
es/nodeses/nodes and a finite set E of distinctfinite set E of distinct
unordered pairs of distinct elements of Vunordered pairs of distinct elements of V
called edgescalled edges. V and E are called the vertexvertex
set and edge set respectivelyset and edge set respectively. G is written
as a two-tuple G=(V,E)G=(V,E)
 If the edges don't have a direction
(indicated with an arrow), graph G is an
undirected graphundirected graph. Else, it is a directed graphdirected graph
or digraphor digraph
 If G has multiple edges between a pair of
nodes, it is called a multigraph if it ismultigraph if it is
undirected or a multidigraph if it is directedundirected or a multidigraph if it is directed
DEFINITIONS FOR UNDIRECTEDDEFINITIONS FOR UNDIRECTED
GRAPHS:GRAPHS:
 In an undirected graph, a proper edgeproper edge
joins one vertex to anotherjoins one vertex to another and a self loopself loop
joins a vertex to itselfjoins a vertex to itself.
 |V| is called the order of the graph|V| is called the order of the graph and |E||E|
is called the size of the graphis called the size of the graph. G is finite iffinite if
both order and size are finiteboth order and size are finite, else it is
infiniteinfinite
 Edge e C E (represented by vertex pair
(u,v) where u,v C V ) in an undirected graph
can also be represented by (v,u).
 Vertices u and v are adjacent to eachadjacent to each
other if there's an edge e = (u,v) other if there's an edge e = (u,v) CC E E. e is
then incident upon u and vincident upon u and v, and u and v are
also called neighbors of each otherneighbors of each other
 Degree of vertex v in an undirected graph
is given by deg(v) = # of proper edges + 2 *deg(v) = # of proper edges + 2 *
# of self-loops# of self-loops
 A multiedge is a set of multiple edgesmultiedge is a set of multiple edges
between the same vertex pairbetween the same vertex pair.
 A loopless graphloopless graph is a graph without self-graph without self-
loopsloops. A graph without self-loops andwithout self-loops and
multiedgesmultiedges is called a simple graphsimple graph
DEFINITIONS FOR DIRECTED GRAPHSDEFINITIONS FOR DIRECTED GRAPHS
OR DIGRAPHS:OR DIGRAPHS:

 

Basic Graph Terms (cont)Basic Graph Terms (cont)

 A directed edge is called an arcarc
 If an arc starts at vertex u and ends atstarts at vertex u and ends at
vertex vvertex v , then u and v are called the headu and v are called the head
and tail of the arc respectivelyand tail of the arc respectively. Vertex v is
the successor of vertex usuccessor of vertex u, and vertex u is
the predecessor of vertex v.predecessor of vertex v.
 The set of arcs which end at vertex vset of arcs which end at vertex v are
called in-edges or in-arcsin-edges or in-arcs. Similarly, the setset
of arcs which start from vertex vof arcs which start from vertex v are called
out-edges or out-arcsout-edges or out-arcs.
 The out-degree of a vertexout-degree of a vertex is the numberthe number
of edges starting from itof edges starting from it. Similarly, the in-in-
degree of a vertexdegree of a vertex is the number of edgesnumber of edges
ending at itending at it. Each self-loop at vertex vself-loop at vertex v
contributes a count of 1 to both the in-a count of 1 to both the in-
degree and out-degreedegree and out-degree. The degree of adegree of a
vertex in a digraphvertex in a digraph is given by deg(v) = in-deg(v) = in-
degree of v + out-degree of vdegree of v + out-degree of v
  A directed graph is strongly connected ifstrongly connected if
there's a path from a to b, there's a path from a to b, VV a, b  a, b CC V V
  A directed graph is weakly connected ifweakly connected if
there's a path between every two vertices inthere's a path between every two vertices in
the underlying undirected graphthe underlying undirected graph

Planar and Bipartite GraphsPlanar and Bipartite Graphs

 Graph G is planarplanar if it can be drawn incan be drawn in
the plane with edges intersecting ONLY atthe plane with edges intersecting ONLY at
vertices of Gvertices of G.
 Such a drawing is called embedding of Gembedding of G
in the planein the plane.
 Graph G is bipartite if V = Vbipartite if V = V11 U V U V22 with with

V' = VV' = V11 . V . V22 = null set and every edge of G = null set and every edge of G

takes the form (a,b) with a takes the form (a,b) with a CC V V11 and b  and b CC V V22
 If each vertex in Veach vertex in V11 is joined with every is joined with every

vertex in Vvertex in V22, then we get a complete, then we get a complete

bipartite graph, denoted by Kbipartite graph, denoted by Km,nm,n where |V where |V11||

= m and |V= m and |V22|=n|=n

 

Planar and Bipartite Graphs (cont)Planar and Bipartite Graphs (cont)

 If G=(V,E) is a loop-free, undirectedG=(V,E) is a loop-free, undirected
graph and E != null setgraph and E != null set, an elementaryelementary
subdivision of G results when edge e =subdivision of G results when edge e =
(u,w) is removed from G and then edges(u,w) is removed from G and then edges
(u,v) and (v,w) are added to G - e, where v(u,v) and (v,w) are added to G - e, where v
CC V V
 Loop free, undirected graphs GLoop free, undirected graphs G11 = (V = (V11,,

EE11) and G) and G22 = (V = (V22, E, E22)) are called homeom‐homeom‐

orphic if they are isomorphic OR they bothorphic if they are isomorphic OR they both
can be obtained from the same loop free,can be obtained from the same loop free,
undirected graph H by a sequence ofundirected graph H by a sequence of
elementary subdivisions.elementary subdivisions.
 Kuratowski's Theorem: Graph G isKuratowski's Theorem: Graph G is
nonplanar iff it contains a subgraphnonplanar iff it contains a subgraph
homeomorphic to either Khomeomorphic to either K55 or K or K3,33,3
 Euler's theorem: Let G=(V,E) be aEuler's theorem: Let G=(V,E) be a
connected planar graph or multigraph, withconnected planar graph or multigraph, with
|V| = v and |E| = e. If r is the # of regions in|V| = v and |E| = e. If r is the # of regions in
the plane determined by a planar embedd‐the plane determined by a planar embedd‐
ing/depiction of G, and one of these regionsing/depiction of G, and one of these regions
(called the infinite region) has infinite area,(called the infinite region) has infinite area,
then v - e + r =2then v - e + r =2
 For each region R in a planar embeddingFor each region R in a planar embedding
of a (planar) graph or multigraph, theof a (planar) graph or multigraph, the
degree of R, denoted deg (R), is the # ofdegree of R, denoted deg (R), is the # of
edges traversed in a (shortest) closed walkedges traversed in a (shortest) closed walk
about (the edges in) the boundary of R.about (the edges in) the boundary of R.
 Corollary: Let G = (V;E) be a connectedCorollary: Let G = (V;E) be a connected
planar graph or multigraph with |V| = v andplanar graph or multigraph with |V| = v and
|E| = e > 2, and r regions. Then 3r <= 2e|E| = e > 2, and r regions. Then 3r <= 2e
and e <=(3v - 6)and e <=(3v - 6)

Subgraphs, Complements and GraphSubgraphs, Complements and Graph
IsomorphismIsomorphism

 The subgraph Gsubgraph Gss of graph G=(V,E) is of graph G=(V,E) is

given by Ggiven by Gss = (V = (Vss, E, Ess) where ) where OO (null set) != (null set) !=

VVss , and V , and Vss and E and Ess are subsets of V and E are subsets of V and E

respectivelyrespectively
 NOTE: if (u,v) if (u,v) CC E Ess, then u,v , then u,v CC V Vss
 A spanning subgraph of G, where G canspanning subgraph of G, where G can
be directed or undirectedbe directed or undirected is a subgraphsubgraph
composed of all vertices of Gcomposed of all vertices of G, ie: VVss = V = V
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Subgraphs, Complements and GraphSubgraphs, Complements and Graph
Isomorphism (cont)Isomorphism (cont)

 If G = (V,E) is a directed/undirectedG = (V,E) is a directed/undirected
graph, and if U is not a null set and is agraph, and if U is not a null set and is a
subset of V,subset of V, then the induced subgraph on Uinduced subgraph on U
is a graph whose vertex set is U, and whoseis a graph whose vertex set is U, and whose
edge set contains every edge in E havingedge set contains every edge in E having
endpoints in Uendpoints in U.
 Deleting an edge e in graph G (which canDeleting an edge e in graph G (which can
be directed/undirected) creates a subgraphbe directed/undirected) creates a subgraph
denoted by G - e , which contains alldenoted by G - e , which contains all
vertices of G and all edges except evertices of G and all edges except e.
 Deleting a vertex v in graph G(which canDeleting a vertex v in graph G(which can
be directed/undirected) creates a subgraphbe directed/undirected) creates a subgraph
denoted by G - v, which contains alldenoted by G - v, which contains all
vertices of G except for v, and all edges invertices of G except for v, and all edges in
G except those incident on vertex vG except those incident on vertex v
 If V is a set of n verticesV is a set of n vertices, then the
complete graph on V, denoted by Kcomplete graph on V, denoted by Knn, is a, is a

loop-free, undirected graph where loop-free, undirected graph where VV a, b  a, b CC
V AND a != b, there exists edge (a,b)V AND a != b, there exists edge (a,b)
 If G is a loopless, undirected graph with nG is a loopless, undirected graph with n
verticesvertices, then the complement of Gcomplement of G
(denoted by G with a bar on top) is the(denoted by G with a bar on top) is the
subgraph of Ksubgraph of Knn containing all vertices in G containing all vertices in G

and all edges not in Gand all edges not in G
 If G = KG = Knn, then its complement has all theits complement has all the

n vertices and no edgesn vertices and no edges. Such a graph is
called null graphnull graph.
 For two undirected graphs Gtwo undirected graphs G11 = (V = (V11, E, E11))

and Gand G22 = (V = (V22, E, E22)), a function f: Vfunction f: V11 -> V -> V22 is is

called graph isomorphismcalled graph isomorphism if a) f is one-to-a) f is one-to-
one and ontoone and onto and b) b) VV a,b  a,b CC V V11, (a,b) , (a,b) CC E E11
iff (f(a), f(b)) iff (f(a), f(b)) CC E E22. The two graphs are

called isomorphic graphsisomorphic graphs if such a function
exists.

 

Walks, Paths and CircuitsWalks, Paths and Circuits

 A walk in graph Gwalk in graph G is a sequence ofsequence of
nodes vnodes v11, v, v22, ... , v, ... , vnn where n>=2 and (v where n>=2 and (vii,,

vvi+1i+1) ) CC E for i = 1, 2, ... , n-1. E for i = 1, 2, ... , n-1.

 Repetition of vertices and edges in aRepetition of vertices and edges in a
walk is permittedwalk is permitted
 If G isn't weighted, then the length of theIf G isn't weighted, then the length of the
walk is n-1. Else, the length is the sum ofwalk is n-1. Else, the length is the sum of
the weights of all edges in the walkthe weights of all edges in the walk
(provided the weights are non-negative)(provided the weights are non-negative)
 A trailtrail is a type of walk in which all edgestype of walk in which all edges
are differentare different. Repetition of vertices isRepetition of vertices is
permitted while repetition of edges are not.permitted while repetition of edges are not.
 A pathpath is a trail in which all the verticestrail in which all the vertices
are different (except the starting and endingare different (except the starting and ending
vertices may be the same)vertices may be the same). There is nono
repetition of edges and verticesrepetition of edges and vertices.
 If the starting vertex is the same as thestarting vertex is the same as the
ending vertexending vertex, the walk, trail or path is open,open,
else it is closed.else it is closed.
 G is connected if each vertex pair isconnected if each vertex pair is
joined by a path, else it is disconnectedjoined by a path, else it is disconnected
 Vertex v is reachablereachable from vertex u ifif
there's a path connecting the two.there's a path connecting the two.
 A circuit or cyclecircuit or cycle is a walk with the samewalk with the same
starting and ending vertices, with nostarting and ending vertices, with no
repeating vertices in between.repeating vertices in between.
 Hamiltonian PathHamiltonian Path: a path containing all ofpath containing all of
G's verticesG's vertices
 Hamiltonian CycleHamiltonian Cycle: a cycle containing allcycle containing all
of G's verticesof G's vertices
THEOREMS FOR HAMILTON CYCLESTHEOREMS FOR HAMILTON CYCLES
AND PATHS:AND PATHS:
 Theorem: Let G = (V,E) be a loop-free
undirected graph, where |V| = n >= 2. If deg
(x) + deg (y) >= n - 1 for all x, y C V , x != y,
then G has a Hamilton path.

 

Walks, Paths and Circuits (cont)Walks, Paths and Circuits (cont)

 Corollary: Let G = (V,E) be a loop-free
undirected graph, where |V| = n >= 2. If deg
(v) >= (n - 1)/2 for all v C V , then G has a
Hamilton path.
 Ore's theorem: Let G = (V,E) be a loop-
free undirected graph, where |V| = n >= 3. If
deg (x) + deg (y) >= n for all nonadjacent x,
y C V , then G contains a Hamilton cycle.
 Corollary, ie: Dirac's theorem: Let G =
(V,E) be a loop-free undirected graph,
where |V|= n >= 3. If deg (v) >= n/2 for all v
C V , then G contains a Hamilton cycle.
 Theorem: Every simple graph G = (V,E)
with |V| = n >= 3 and at least (n  - 3n + 6)/2
edges has a Hamilton cycle.

Graph RepresentationGraph Representation

 Adjacency MatrixAdjacency Matrix: It is an n x n matrixn x n matrix
where n = |V|n = |V|
 Entry AAi,ji,j in adjacency matrix A for an in adjacency matrix A for an

undirected graph G, where 1<=i,j<=nundirected graph G, where 1<=i,j<=n is
equal to the # of edges between vertices vthe # of edges between vertices vii
and vand vjj if i=j if i=j OR 2 * # of self loops if i != j2 * # of self loops if i != j

 The row-sum or column-sum inrow-sum or column-sum in
adjacency matrix Aadjacency matrix A is equal to the degree ofequal to the degree of
the corresponding vertexthe corresponding vertex
 If G is directedG is directed, then AAi,ji,j = # of arcs from = # of arcs from

vvii to v to vjj
 The row sum in adjacency matrix A for arow sum in adjacency matrix A for a
digraph is equal to out-degree of the corres‐digraph is equal to out-degree of the corres‐
ponding vertexponding vertex and the column sum is equalcolumn sum is equal
to the in-degreeto the in-degree

Euler Trails and CircuitsEuler Trails and Circuits

 TheoremTheorem: Let G = (V,E) be an undirectedG = (V,E) be an undirected
graph or multigraph.graph or multigraph. Then Sum over vSum over vCCVV
(deg(v)) = 2 * |E|(deg(v)) = 2 * |E|
 Corollary: For any undirected graph orCorollary: For any undirected graph or
multigraph, the # of vertices with oddmultigraph, the # of vertices with odd
degree must be even.degree must be even.
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Euler Trails and Circuits (cont)Euler Trails and Circuits (cont)

 If G = (V,E) is an undirected graph/mul‐If G = (V,E) is an undirected graph/mul‐
tigraph, with at least 2 vertices and notigraph, with at least 2 vertices and no
vertices are isolatedvertices are isolated, then:
  G has a Euler circuit if there's a circuit inG has a Euler circuit if there's a circuit in
G traversing every edge of the graph exactlyG traversing every edge of the graph exactly
onceonce
 If there's an open trail from a to b in G,If there's an open trail from a to b in G,
and the trail traverses each edge in Gand the trail traverses each edge in G
exactly once, then the trail is called a Eulerexactly once, then the trail is called a Euler
trail.trail.
 Theorem:Theorem: Let G = (V,E) be an undirectedG = (V,E) be an undirected
graph/multigraph with at least 2 vertices andgraph/multigraph with at least 2 vertices and
no vertices are isolated.no vertices are isolated. Then G has anG has an
Euler circuit iff every vertex in G has anEuler circuit iff every vertex in G has an
even degreeeven degree.
 Corollary:Corollary: If G=(V,E) is an undirectedG=(V,E) is an undirected
graph/multigraph with at least 2 vertices andgraph/multigraph with at least 2 vertices and
no isolated vertices, we can construct anno isolated vertices, we can construct an
Euler trail iff G is connected and hasEuler trail iff G is connected and has
EXACTLY 2 vertices of odd degreeEXACTLY 2 vertices of odd degree.
 Theorem:Theorem: Let G = (V,E) be an directedG = (V,E) be an directed
graph/multidigraph with at least 2 verticesgraph/multidigraph with at least 2 vertices
and no vertices are isolated.and no vertices are isolated. Then G has aG has a
directed Euler circuit iff out-degree of v = in-directed Euler circuit iff out-degree of v = in-
degree of v, degree of v, VV v  v CC V V.
 An undirected graph/multigraph whereundirected graph/multigraph where
each vertex has the same degree is called aeach vertex has the same degree is called a
regular graph.regular graph.. A k-regular graph is ank-regular graph is an
undirected graph/multigraph in which allundirected graph/multigraph in which all
vertices have the same degree kvertices have the same degree k.

TreesTrees

 Tree: a connected graph without anyTree: a connected graph without any
cyclecycle
 TREE OBSERVATIONS:TREE OBSERVATIONS:
 If the removal of an edge from connectedremoval of an edge from connected
graph Ggraph G makes it disconnecteddisconnected, then G is aG is a
treetree
There's a unique path between everya unique path between every
vertex pair in a treevertex pair in a tree
 If |V|>2 adding a new edge creates aIf |V|>2 adding a new edge creates a
cycle in a treecycle in a tree
 In a tree, |E| = |V| - 1In a tree, |E| = |V| - 1
Trees are bipartiteTrees are bipartite

 

Trees (cont)Trees (cont)

Every tree can be colored using 2 colorsEvery tree can be colored using 2 colors
 An ensemble of trees is called a forestforest
 A tree T=(V',E') is a spanning tree ofspanning tree of
graph G=(V,E) if V'=V and E' is a subset ofgraph G=(V,E) if V'=V and E' is a subset of
EE
 If |V|=n, then there are nn  spanning spanning
trees on V for complete graph Ktrees on V for complete graph Knn.

 If KIf Km,nm,n is a complete bipartite graph, is a complete bipartite graph,

then the total # of spanning trees is mthen the total # of spanning trees is m  * *
nn   .
 TYPES OF TREES:TYPES OF TREES:
Path graph/linear graph:Path graph/linear graph: Has n vertices
in a line, where vertices i and i+1 are
connected by an edge, where i = 1,2,...,n
Star tree:Star tree: Has n>=2 vertices (where just
one vertex is the internal vertex), and n-1
leaves.
 ROOTED TREE:ROOTED TREE:
  Has one node specified as the root noderoot node
  All other nodes in the tree are the
descendants of the root nodedescendants of the root node
Each edge of this tree divides the set of
vertices which are attached to either side of
this edge into two groups. The set of nodesset of nodes
away from the root node are called theaway from the root node are called the
descendant set of nodesdescendant set of nodes with respect to this
edge. Similarly, the set of nodes towardsset of nodes towards
the root node are called the ancestral set ofthe root node are called the ancestral set of
nodes with respect to this edgenodes with respect to this edge.
  Child of vertex vChild of vertex v is a vertex whosewhose
immediate ancestor is vimmediate ancestor is v. A vertex withvertex with
children is called an internal vertexchildren is called an internal vertex.
  Depth of a vertexDepth of a vertex: # of edges in the
unique path from the root to the vertex.
  Ordered treeOrdered tree: Rooted tree where
children or branches of every internal vertexchildren or branches of every internal vertex
are linearly orderedare linearly ordered. ie: if the vertex has k
children, then there is a 1st child, 2nd child
and so on, all the way up to the kth child.

 

Trees (cont)Trees (cont)

Binary treeBinary tree: An ordered, rooted tree
where each internal vertex has at most 2each internal vertex has at most 2
childrenchildren
m-ary tree:m-ary tree: An ordered, rooted tree
where each internal vertex has at most meach internal vertex has at most m
children, with m = 2,3,...children, with m = 2,3,...
Subtree:Subtree: A tree rooted at a specific noderooted at a specific node
which contains all its descendant nodes andwhich contains all its descendant nodes and
the corresponding connecting edges.the corresponding connecting edges.
Height of a rooted tree: Maximum # ofHeight of a rooted tree: Maximum # of
edges in the unique path from root to anyedges in the unique path from root to any
vertex.vertex.
Balanced tree:Balanced tree: It's an m-ary tree of heightm-ary tree of height
bb where all leaves have height b or b-1,all leaves have height b or b-1,
where b=2,3,...where b=2,3,...
d-regular tree: Each internal vertex hasd-regular tree: Each internal vertex has
exactly d childrenexactly d children. In a complete d-regularcomplete d-regular
tree, all leaves have the same depthtree, all leaves have the same depth
 MATRIX TREE THEOREM:MATRIX TREE THEOREM:
  Let A be the adjacency matrix of graph
G.
  Obtain matrix D, where the diagonal
elements are the sums of the columns of A
and the rest of the elements are 0
  Obtain matrix M where M = D - A.
  Find an (i,j) cofactor of M, determined
by: (-1)  * determinant (M'), where M' =
resulting matrix on removing row i and
column j from M. This cofactor gives theThis cofactor gives the
number of spanning trees for graph G.number of spanning trees for graph G.
  Suppose adjacency matrix A was
represented with the edge names (in
lowercase letters) in place of 1's for
connected edges, and 0's for non-co‐
nnected edges. D would then have its
diagonal entries be the sums of the
columns, and 0's for the remaining
elements. If we take the (i,j) cofactor ofIf we take the (i,j) cofactor of
matrix M, where M = D - A, then the resultmatrix M, where M = D - A, then the result
gives all possible configurations forgives all possible configurations for
spanning trees of graph Gspanning trees of graph G
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Minimum Spanning Trees (MST)Minimum Spanning Trees (MST)

 For a weighted graph Gweighted graph G, the minimumminimum
spanning tree is a spanning tree with thespanning tree is a spanning tree with the
smallest possible sum of edge weightssmallest possible sum of edge weights
 For a weighted graph G, MSTs are notMSTs are not
uniqueunique
 Algorithms to determine the MST of a
graph G are greedy algorithmsgreedy algorithms
 PRIM'S ALGORITHM:PRIM'S ALGORITHM:
Pick a random vertex as the starting
vertex of the MST
Follow steps 3 to 5 till there are vertices
not included in the MST (called fringe
vertices)
Find edges connecting any tree vertex
with the fringe vertices
Find the minimum along these edges
Add the chosen edge to the MST as long
as it doesn't form a cycle
By the end, you'll obtain the MST
 KRUSKAL'S ALGORITHM:KRUSKAL'S ALGORITHM:
  Sort edges in increasing order of weight
  Pick the first edge in the sorted order
  Iterate through the sorted order from the
second edge onwards till the end, and see if
you can add that edge without creating a
cycle
  By the end, the MST will be obtained.
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