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o-algebras & Borel sets Bochner integration, change of variables

Regular conditional distribution

4cPis fQedAcdsA Sl — Goal: define P[X < B | Y=y] even

ao- O,and Aje.7=>U jeNAje O Duality (J fdu, v) = [ (f,v') du when P[Y=y]=0

algebra O LP p-a.e. equivalence classes Markov Kx|F: Q x B(V) - [0,1]

a(é) intersection of all g-algebras of strongly u-measurable kernel

containing & functions with finite L? norm reg. cond. PIAN{XeB}] = 5A
BV) a(open subsets of V) dv/du density of vw.rtpy, v<<p distr. of X KX|F(w,B)dP(w), ¥ Ac,
Pushforward Ty p(A) = u(T'(A)) given 7 Be &(V)

_ J £ d(Tgp) = | T du Doob-Dynkin Kk o(Y)-measurable < k =

Measure p()=0 and p(u A)=Z p(Aj) 1°Y for measurable T

for disjoint Aj reg. cond. P[XeB | Y=y] := 1x|y(y.B)
Probability P(Q)=1 Random X:(Q,.#2)~(V,B(V)) measurable distr. of X = KX|0(Y)(Y'1(y),B)
Product (®lej)(A1 X x An)=l_lj variable given'Y
e Px = Xy¢P, so P[X € B]=Px(B)

a(X) = {X'(B): B e #(V)}

Lebesgue A(TTj (ajby) = TT; (bj-a))
EIX] = [ q X(w)dP(w), if | [IX|| dP <«

fy(y) = [Ram fx, v (xy) dx
x|y (xly) = fx vy (x,y)/fy(y), for fy(y)>0

PIX € B | Y=y] = |B fxjy(xly) dx

Measurability Elo(X)] = o o(X(w))dP(w) = [y @(v)dPx(v)

Measurable f'(Ag) e.# 4forallAye

oy Conditional probability & independence
Check on .p=0(&), enough to check IstDef.  P[AIB] = P[AnBI/P[B], P[B]>0

. X~N(u,0%):  fx(x) = 1/¥(21m0?) exp(—(x—p)?/
generators  F(E) ey qforEc A.B independent < P[AnB]=P[AJP[B] (s Ixx) = 1(2me?) exp(-bch)
. . (20%)
. R Xj independent < o(X;) independent

Strongly f, simple, f - f pointwise or X-N@T):  fx(x) « det(Z)‘1/2 exp(-1/2
measurable _a.e. If X4,...,X, independent and integrable: ;

rae " (=)= (xp)
Pettis f strongly measurable < f E[TIX{I=TTEX]

Gaussian  marginals Gaussian; condit-

separably valued and (f.v') facts ionals Gaussian; jointly

m rable Yv' € V Conditional expectation .
easurable P Gaussian + uncorrelated <

ForsimpleY E[X|Y](w)= 1/P[Aj]fA_jX independent

Bochner integration, change of variables =51 AjYj 4P for w € A
e A
J

-simple f=%=4"1p i Vi, HA) < Distances & Divergences
el =17 1A Vi WA 1t Def. Z=E[X|] iff Z is Fmeas. .
p-simple f [fdu=% H(A)) V] and D1v(P,Q) = supac. AP(A)-Q(A)|
Bochner frof p-a.e. and [ [[f-f4] du—0 [BZdP=[g X dP VB <7 DH(P.Q) = (1W2)(J (V(dP/dp)~(dQ/dp))>
integrable 2nd Def. EIXIY] := E[X|a(Y)] du) "2
Bochner f strongly p-measurable, | PIAIY] := E[1alo(Y)] DKL(PIIQ) = | log(dP/dQ)dP if P<Q; «
criterion [If]| dp < = otherwise
Norm bound I f dyl < { Ifl du Expect- |IEpif] - EQIfll < 20H(P.Q)
ation (EpIIfi+Eqlifii?) "
bound
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