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Cheatography

Normed spaces and Banach spaces

Riesz representation, adjoint operators Compact operators

Strong conver- [IXn - X[Ix -> 0 Riesz A(x) = <z), x> Compact bounded sequence xp, -> Axp,
gence Adjoint <A*y, x>y = <y, Ax>y has a convergent subseqg-
Continuous XcYand ||x|ly = T uence
) Matrix case A =A"overR
embedding ClIxllx . . Equivalent weak convergence in X ->
Properties (A) =A|IA]]l =IAll, .

_ . strong convergence after A in

Banach space = complete normed space IA'Al| = ||A||2

Y

Closure = add all limits of convergent

Ao F . -
sequences from the set Orthogonality and projections Finite-dimensional range => compact

lg compact <= dim(X) < «»
Ut ={xeX:<xu>=0VueU} d P (X)

Bounded linear operators U* is always closed AS eL(X,Y), AorS compact => AcS
D(A) € X, N(A) € X, R(A) c Y compact

() S X, NS X RA) If U closed: X=Ue U P =
A € L(X,Y) <=> A linear and bounded A compact <= A compact

If Unot closed:  (UY)* = cl(U)

Boundedness  [|Ax|ly < C||x||x Sl R

Example: integral operators

Operator [IA]l = supyx+1 _ L
X «=zeUandx-zeU Kx(t) = 501 K(s.x(s)ds
norm [1AX[ly 7 TIXIIx
; . Approximate k by piecewise-constant k
Inverse bounded < c||x||x < [|Ax]|ly (c > 0) FELERL GRS n
R(A)* = N(A") N(A"): = cl(R(A)) Kn, finite rank => Ky, compact;
Convergence, Banach-Steinhaus R(A*)l = N(A) N(A)* = cI(R(A*)) Knh -> K'in operator norm => K compact.
Pointwise VX, Apx -> Axe Y Kernel closed, range may be non-closed Self-adjoint < Kk(s,t) = k(t,s) a.e. (real case)

Uniform An - A >0
1An - AllL(x,Y) Spectral theorem (for compact, K=K*)

Orthonormal systems and bases

Banach- ointwise bounded family => .
) P Y Orthonormal <ujup> = G Kx = ZnAp<x,up>up, with Ap -> 0
Steinhaus  sup;j [|Ajl] <«
Bessel Tjl<x,up? <= [Ix||? Kup = Apup, {un} ONB for cl(R(K))
Hilbert spaces, weak convergence ONB expansion X = DX, U] [IKI| = [\q] when ordered by [Aq]2]Ag[="--20
Hilbert space = Banach space + scalar Projection Pyx = Zj<Xij>Uj Inverse danger: divide by small A,
product
Weak convergence = Xp—X & <xp,z> ->
<x,z>Vze X
Strong => weak. In infinite dims: weak »
strong
Weak + convergence of norms => strong
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