Cheatography

Final Exam 1

L. Prove or disprove that if A and B are sets then A (AU B,
Find the prime factorization of 16575,
b (mod 5), where a and b are integers, then a?

(mod 5).

(b) Prove or disprove: If a? = &2 (mod 5), where a and b are integers, then a = b (mod 5)

. (a) Prove or disprove: If

-

Use mathematical induction to prove that n! > 2°~! whenever 7 is a positive integer.
Suppose that @ = 10, az =5, and a,, = 2,1 +3a,-2 for n > 3. Prove that 5 divides a, whevever n
is a positive integer

. How many bit string of length 10 have at least one 0 in them?

B

() How many functions are there from a set with three elements to a set with four lements?
(b) How many are one-to-one?

(¢) How many are onto?

A door lock is opened by pushing a sequence of buttons. Each of the three terms in m. Lumbmahun is
entered by pushing either one button or two buttons simultancously. If there are 5 butt many
st combinations re there? (Bxample: 1-5.2. 2.4 1 a vald compination.)

Find a recurrence relation and initial conditions for the number of ways (0 go up a flight of stairs if stairs
can be climbed one, two, or three at a time.

e

How many positive integers not exceeding 1000 are not divisible by either 8 or 127

(a) Show that the relation R = { (z,y) | 2~y is an even integer } s an equivalence relation on the set of
real numbers.

(b) What are the equivalence classes of 1 and } with respect to R?

Answer the following questions about the graph K.y

() How many vertices and how many edges are in this graph?

(b) Is this graph planar? Justify your answer.
(€) Does thi
() What is the chromatic mumber of this graph?

Does it have an Eules

graph have an Euler cire path? Give reasons for your answers.

. Find a spanning tree for the graph Ks 4 using
(a) a depthfirst search,
(b) a breadthi-first search.

. Find the ducts expansion of the Boolean function f(z,y.
anodd mmber of the vaiables 2, 9, and = have the alue 1

that has the value 1 if and only if

IS

deterministic fnite-state machine.

@2,
=

6. A fair coin s flipped wntil a tail first appears, at which time no more flips are made.

5. Find the set recognized by the folloy

/
\

(a) What is the probability that exactly five flips are made?
(b) What is the expected

wmber of fips?

Final Exam 2

Prove or disprove that (A~ B) = AUB whenever A and B are sets.

Prove or disprove that the fourth power of an odd positive integer always leaves o remainder of 1 when
divided by 16

Do matbenatil mdndwn to prove that every postage of greater than § cents ean be formed from
3-cont and

=

How wmany bit strings u[ quglh 10 have at least cight 1's in them?

() How many functions are there from a set with four clements 1o a set with three elements?
(b) How many of these functions are onc-to-one?
(©) How many are onto?

6. How many symmetric relations are there on a set with cight clements?

7. (a) Let m be a positive integer greater than 2. Show that the relation R consisting of those ordered
pairs of integers (a,b) with @ = b (wod m) is an equivalonce relation.

(b) Describe the equivalence classes of this relation where m = 4.

8. (a) Does the graph Ka5 have an Euler circuit? I not, does it have an Euler path?
(b) Does the graph K5 have a Hamilton path?
9. How many nonisomorphic unrooted trees are there with four vertices? Draw these trees.
10. Construct a binary scareh tree from the words of the sentence This is your discrete mathematics final,
using alphabetical order, inserting words in the order they appear in the sentence
11. Find the sum-of-products expansion for the Boolean function @+ y + =
12, (a) Describe the bit strings that are in the regular set represented by 0°11(0U 1)°7
(b) Construct a nondeterministic finite-state automaton that recognizes this set.
13. A thumb tack is tossed wntil it first lands with its point down, at which time no more tosses are made.

On cach toss, the probability of the tack’s landing point down is 1/3
() What is the probability that exactly five tosses are made?

(b) What is the expected number of tosses?
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Final Exam 1 Solutions

suppose that x € AN (AU B)

1. Suppose that 1 € 4. Then 5 € Au Bys0zedn (AUB). Conversely,
Then z € A. Hence A1 (A

We find that 2 does not divide 16575, but 3 does with 16575/3 = 5325, We see that 3 does not divide

5525, but 5 does with 5525/5 = 1105, We see that 5 divides 1105 with 1105/5 = 221. We see that

neither 5, 7, nor 11 divides 221 However, 13 does, with 221/13 = 17. Hence 16575 =352 1317

b (mod ). Then 50~ b, 50 there is an nteger £ such that @~ b= 5k. It follows

(a+b)5k. Hence a* =t = 51, where I = (a+ b)k. It follows that

»

3. () Suppose that
that a? — 17 = (a + b)(a - b) =
5[~ 12,50 a? = 12
(b) We sce that 1
The basis step follows since 1! = 1
(1) =+ 1) nl > (n+1)- 2"
5. The basis step is completed by g that a are both divisible by 5. For the inductive
step assume that i ble by 5 for cvery pasiiv ntger . with < . where 1.2 3. T ol
that a, = 2,1 + 30,2 le by 5, since the sum of two integers divisible by 5 is also divisible

4 (mod 5), but 1% 4 (mod 5).
For the inductive hypothesis assume that n! > 2°~*. Then

I'S

°

The number of bit strings of length 10 with at least one 0 in them is the number of all bits strings of length
10 minus the mumber of bits strings of length 10 with no 0's in them. This is 2'° 1 = 1021~ 1 = 1023,

7. (a) There are 4% = 64 functions from a set with three elements to a set with four elements.
(b) There are 4-32 = 24 one-to-one functions from a set with three elements to a set with four elements,
(¢) There are no onto functions from a set with three elements to a set with four elements,

8. A push of buttons in the combinations is cither the push of one of the five buttons or the st
push of one of C(3,2) = 10 combinations of two of the five buttons. Hence there are 13- 15 5375
possible combinations for the door lock.

9. Let a, denote the mumber of ways to climb n stairs if stairs can be climbed one, two, or three at a time,
Suppose that n s a positive integer, n > 4. A person can climb n stairs by going up 7 — 1 stairs and
then climbing one stair, by going up n —2 stairs and then chmhmg two stairs, or by going up n 3 stairs
and then clmbing threestairs. Honce a = a1 + -3 + . Note that = 1 since there i rly one
ey o climb one stair, 13 = 3 snce 1w stirs can b lmbed oo sai at 5 i or two stirs ab ot
1y =1 i e can i hre st by aking st one a e, by o 1 (v st followed
by e atai, by golog Up one saie followed Ly two stal, o by taking al three tair at once.

The number of integers not exceeding 1000 that are not divisible by either 8 or 12 is 1000 minus the

number of these integers that are divisible by cither § or 12. Using the principle of inclusion-exclusion,

that there are [1000/8] + [1000/12] — [1000/21] = 125 + 83 ~ 41 = 167 such integers, where wo
used the fact that the integers divisible by both § and 12 are those divisible by lo 4. Hence

there are 1000 — 167 = 833 pasitive integers not exceeding 1000 that are not d

11. (a) Since z— =0 is an even integer for every real number z it follows that R is reflexive. If (z,y) € R

then « — y is an even integer. It follows that y — = —(z — y) is also an cven integer. Hence R is
symmetie. Now suppose tht (r,3) € R an (5.2) € R Then .y oy ave evn inoger. Since

( ntegers i again even, i follows that = = is o
v nteser, This shows that - rmnitive, We conchude that R s cqpivalence reltion

(b) We have [x]ﬂ {;\17 Lisan evn it er ). Henee (1) 1+ 2k where £ is an integer }

In other words, (1] o dd itesers. Similarl, [4ln L is an even integer }. Hence

Bla={zla= §+2k where k is an integer }. This is the set {...,~3,~3, 5.3,

s

2. (a) The graph Ky o has 3+4 =

e it contains a subgraph somorphic to Ky, wh

vertices and 3-4= 12 edges.

s not planar.

0 50t

4 and four vertices of degree 3. Since there are more than two
150 no Euler circuit.

ices of degre
et of odd degree, there is no Euler path in this graph, and therefore a

10. We construct the following binary search tree.

discrete

final

11. The Boolean function x + y + = has the value 1 unless

2
the other seven combinations of zm values of these variable. Hence the

flwy.2) = Ty
12, () The strings in 1
1, followed by an arbitrary bit string.

your

mathematics

0, 50 it has the value 1 for

(b) The following nondeterministic finite-state antomaton recoguizes this sot,

0

o,w

sm.;._>® _) .

13. The munber of tosses follows a geometric distribution with parameter p =

) The tack must land point up four times
(2/3)4(1/3) = 16/243.
(b) The expected mumber of tosses in o geometric distribution is 1/p

s st e Uhose um besgin with an arbitrary mumber of 0s followed by two consect

meof-products expansion is

arow and then point down, xmd the probability of this is
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Final Exam 2 Solutions

One method is to use set

entities already

+ This set equality can be proved in several different way:
Known to hold. We find that {4~ B) = (A0 B) = AU (B) = AU B, where we have used De Morgan's
laws and the double complementation law.

2. Suppose that @ is an odd integer. Then a = 2k-+1, We have ' = (2%+1)* mum 2R 48K+
16(k* +2K%) + 8K(3K-+ 1) + 1. IF k is even then 8k = 161 where k = 21, 50 a' = 1, where N is an
integer. I & s odd then 3k +1 = 320+ 1) + 1 = 6144 = 2m, where m = 31+ 2, 50 again o' = 16N +1,

where ' is an integer. It follows that a = 1 (mod 16) whenever a is an odd integer

3. The basis

step is completed by noting that postage of 6 cents can be formed using two 3-cent stamps.
Now assume that postage of n cents can be formed, where n is a positive integer greater than or equal
t0 6. If a B-cont stamp was used to form n cen age, replace this stamp with a d-cent stamp to
obtain postage of n-+ 1 cents. Otherwise, if only d-cent stamps were used, then at least to of them were
used, so replace two 4-cent stamps with three 3-cent stamps o obtain postage of n + 1 cents.

4. The wumber of bit strings of length 10 with at least cight s in them equals the mumber with exactly cight
1's plus the mumber with exactly nine 1s plus the mmber with exactly ten 1's. There are C(10,8)
10!/(2181) = 45 such strings with exactly cight I's, C(10,9) b exactly nine 1's, and
G0,10)= 1 mch trng with cxacly ten Y. Honce thereare 45+ 101 56 bit strings of length 10
containing at least cight |

5. () There are 3 = 81 functions from a set with four elements to a set with three clements

fons from a sct with four clements 1o a set with three clewents since

(b) There are no one-to-one fun
4>3.

(¢) There are 31— C(3,2)2" + C(3,1)11 = 81 ~ 48 +3 = 36 onto functions fom a set with four clements
to.a set with three clements,

A symmetric relation is determined by specifying whether (i, j) and (j,) belong to this relation for the
pairs with i # j. and whether (i,i) belongs to the relation for all clements i in the set. Since there are
cight clements in the set, there are C(8,2) = 28 pairs (i,j) and (7,i) with i # j, and cight elements i.
Hence there are 223+ = 2% symmetric relations on a set with eight elements.

7. (@) Let a be an integer. Then a = a (mod m) since | a~ a. It follows that R is reflexive. Now suppose
that () € R. Then a = b (mod m) or 0 = ~b (mod m). n is casy to see that b = a (mod m) or
~a (mod m). Hence (ba) € R. It follows that R is Now assume that (a,6) € R and
() € It Then = b (o ) of = b (mod m), and = ¢ (modm) o b = e (o m). Wo
o ey s (it cach of tho fo conbinntions eads ko =  (mod m) o 4 = e (o ). Heneo
(@) € R, and R is transitive.
(b) Let m
8.}, [1]n:(neZ\n
2 (mod 4) ~6,-2,2,6,
(=) The graph m 5 has two vertices of degree 5 and five vertices of degree 2. Hence it has an Buler path
w0 Euler circuit.

(acz|a

0 (mod 1)}
). and (2

=8, 4,04,
faczla

The equivnlence classes of R are (0] -
£ (mod 4)) = {...
b

(b) There is no Hamilton path in this graph since any path containing all five vertices of degree 2 must.
visit some of the vertices of degree 5 more than once

9. There are two nonisomorphic wnrooted trees with four vertices, as shown.

(d) The chromatic
13. A depth-first spamn

ber of K1 is 2 since this graph is bipartite,

on the right. (Note that the first answer depends on the part of the graph you start, in

14. The sum-of-products expansion is f(z,y. 2)
15. The set recognized is the set represented by (01)°

Yz IR T LI

16. The number of flips follows a geometric distribution with parameter p =1/2.

(a) The coin must land heads four times
1/32

(b) The expected mumber of flips in a geometric distribution is 1/p

2.

Us

of Ky i shown on the left and a breadth-first spanning tree of Ky is shown

a row and then tails, and the probability of this is (1/2)° =
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